EXTENDING TORSORS VIA LOGARITHMIC SCHEMES
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Motivation

Let X be a noetherian integral regular scheme, G a finite flat commutative X-group
scheme and U a dense open subset of X whose complementary is a divisor D). Then

the morphism of restriction
irloo(x 7l
fopf (X, G) = fopf (U, G)

1S Injective.

We would like to understand its image. In other words, given a G-torsor over U, we

want to know under which conditions it admits an extension to a G-torsor over X .

Using purity theorem for torsors, one sees that this problem is of a local nature. Let
z € D be apoint of codimension 1, since X is regular, we know that .S := Spec(Ox ;)
is a dvr. If we assume that Gg is an étale S-group scheme (this is the case in particular
if the residual characteristic of x is prime to the order of ), then if a G-torsor over
U extends over the point x, it is necessary for the corresponding extension of the
generic point of S to be unramified. Such a situation is not common. For example,
eiven a Galois extension of number fields, there is no reason for it to be unramified

outside the places dividing the order of its Galois group.

In other words, asking for a G-torsor over U to extend into an tppt G-torsor over X
is too restrictive if one wishes to understand the ramification on the complement of
U. In addition, G being assumed to be flat, replacing the tppt topology by a finer
topology does not create new representable torsors. Faced with this situation, it is
appropriate to leave the world of fppf torsors and consider a larger category, namely
that of Kummer log flat torsors.
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The divisor D induces on X a fine and saturated log structure called the divisorial
log structure; it is by definition trivial over U. Kummer log flat torsors over X are,
roughly speaking, tamely ramified along D.

Log torsors

Example: A a discrete valuation ring with uniformizer m, n € A*, ( € A, B =
Al/r|, G = Auta(B) = p, = Z/nZ, X := Spec(A), Y := Spec(B). Both schemes
are endowed with their divisorial log structures induced by the residual fields, seen
as divisors. Then:

oY — X is not an fppt G-torsor because A — B is totally ramified, while G is
unramified.

oY — X is a Kummer log étale G-torsor.

Problem

Let R be a dvr with fraction field K and residue field k, C' a smooth projective
K-curve with a K-point (), and G a finite commutative K-group scheme. Let C be
an R-regular model of C' endowed with the divisorial log structure induced by its
special fiber (seen as a divisor) and let Q the R-log section extending (). Let Y — C
be an fppf pointed G-torsor (relatively to @)). When does it extend into a pointed
log torsor over C (relatively to Q)7
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Main results
Weil: the Jacobian Picy, yx = J ot C classifies G-torsors over 1t:

H}ppf(C’, Q,G) ~ Hom(GD, J). ()

Theorem (Raynaud): If G is a finite flat commutative R-group scheme, we have
1somorphisms:

H;,,(C,Q,G) ~ Hom(G", Pice/g) ~ Hom(G", Picg p).

This reduces the question of extending torsors into extending group functors and

morphisms between them.

Theorem (M. [3])

We have an isomorphism:
Hji(C, Q,G) ~ Hom(G", Pici7y).

Question: Can we replace PiCZCO/gR by an object which is easier to handle in practice?

PiClCO;JR has the Néron property = .J = Pic, /i — Picgyi extends uniquely to

J = PichOfR, where J is the Néron model of .J.

Corollary (M. [3])

Let Y — C' be a pointed fppf G-torsor. If there exists a finite flat R-group scheme
G with generic fiber G and such that the associated K-morphism G¥ — J (cf.(x))
extends into an R-morphism G” — J, the torsor extends uniquely into a pointed
log G-torsor over any regular model of C'. In addition, the extended log torsor is

fppt it and only it GP — 7 factors through JV.

o If C is semistable, one can replace PicéOfR by J in the above theorem and the
previous corollary becomes a criterion of extension.

Question: Can one find examples of finite commutative K-group schemes for which
one can apply the previous corollary 7

For any integer » > 1, if J|r| is a finite flat R-group scheme, then C' is semistable:
let I'" denote its dual graph. Conversely, if the number of edges common to any two
circuits of I' is always a multiple of r, J|r| is finite and flat (cf. |1] and [3]).

Theorem (M. [3])

Assume that C' is semistable with dual graph I', that G is killed by r and that the
number of edges common to any two circuits of I' is always a multiple of r. Let
Y — C be a pointed fppt G-torsor such that Y is geometrically connected.Then
the schematic closure F of G in J|r| is finite and flat and ¥ — C extends
uniquely into a pointed log FP-torsor over any regular model of C.

Question: Can we still say something if G does not admit a finite flat R-model 7
If R is assumed to be Henselian Japanese with pertect residue field, any quasi-finite
flat torsor reduces to a finite flat torsor (|2]).

Theorem (M. [4])

If R is assumed to be Henselian Japanese with perfect residue field and if Y — C
is an fppf pointed G-torsor, there exists a quasi-finite flat R-group scheme G with

generic fiber G, and an fppt pointed G-torsor extending Y over any regular model

of C.

Example of application

Consider the smooth projective curve C' over Q covered by the two affine charts:
o y'=f(x)=2"—102"+09,
o P =sf(2),

that are glued together using (z,y) = (%, %).

s’ §3
Pointed fppf u3-torsor over C: Consider the two divisors:

div(y — 2° — 3) = 3(0,3) — 300,
div(y — z° 4+ 3) = 3(0, —3) — 300,

where oo denotes one of the two points at infinity on C.
The two divisors

D, =(0,3) —oc0 and D_=(0,-3) —

define two classes of order 3 in the Jacobian of C that are independent classes of
divisors == The Jacobian of the curve C' contains a subgroup isomorphic to

\\(Z /37.)? 1L We have a pointed fppf p3-torsor over C' (relatively to (1,0)).

Construction of a regular model of C
over Zs: Using the Jacobian criterion,
we check that in each affine chart, there
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are two singular points in the fiber over
the prime 3, which in fact belong to the \

intersection of the two charts. So we blow
up once at those two singular points and
fortunately obtain a regular model C3 of

C' over Zs.
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The special fiber of C3

Study of the extension of the pointed fppf p3-torsor: W
o (Z/3Z)* — J extends by Néron property to (Z/3Z)* — J == The p3-torsor
over C' extends into a log u3-torsor over C3 = D, and D_ extend into log

G,,-torsors over C3 (Q-divisors):
1 3

1

D, = cdivly — o'~ 8) = (0.3) - 50 + 115"
_ 1 1
D_ = gdiv(y —2°+3)=(0,-3) — 30+ §V3_

o The extended log torsor lifts into an fppf torsor <= (Z/3Z)* — J factors
through J° ~ Picg3 r = Dy and D_ have integer coefficients.

o After computing div(y — z° — 3) and div(y — z° + 3) on the special fiber of Cs,
we find out that:

_ 1 _ 1
D, =(0,3) — o0+ §(2F31,2 T F322) and D_ = (0,-3) — o0 + §(2F32,2 + F31,2)

Conclusion: The pointed fppf p3-torsor over C' extends into a pointed log p3-torsor
over C3 which is not fppf.
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