
Talk wi Amira: More about alebraic Spaces :

S5.

4
.
Basic propertice of algebraic spaces Fix a base scheme S.

Def: (foraly. Spaces) Let P = property of schemes , stable in

Etale topology and let X be an alg . Space .
Then :

X has property D J ebale surjection U - X

whereH is scheme with

property P.

Recall : P is a property of schemes stable in etale topology

if : X has property P ) F Itale cover [Xi -> XSie

sth. Xi have prop .

P.

2.
y
: P : locally noeth.

,
reduced

, regular, purely i dimil , normal etc .

-

us for all
,

local properties"

①

Def : (Morphismes) Let 8 : X + Y be a morphism of alg. spaces,
of schemes
w

repree . by scheme and P =

prop, of morph. Stable in Et. topology,
meinen

(*]

them t has a properly p if there is an etale cover V -> Y and

schaue
the projection VXy X -> V has property P.
-

There are shaven



e
. g: P : proper , dominant , quasi-compact , embedding , open/closed embedding
( Recall

,
that this means : (Olsson df . 5. 1 . 3)

1) P is stable under base change .

2) For all f : X-> Y in (Sch/s) and every itale corey

& Yi -> Y] ,
we have :

f has P > f: Xxy Y: +> Y: have P Vi.

Rinkt : The two def's above are equivalent to the Capriori Shouger)

statemat that X or 8: X + Y has Diff for every itale

cover the base chage has P
.

(Details Me : Alper's notes ,
ch

. 12)

~use diagonal morphism to define various separation properties of morphisms :-

I don't need to require that f :X-Y repres . my schees.

Def : A morphism 8 : X-Y of aly spaces/s is quasi-separated Creep.

locally separated , seperated) if the diagonal morphism :

*
xy

= X -> XXyX

is quasi-compact Creep . an embeddy , a closed enbadding

An aly space X/S is quasi-separated (resp , locally sep, sep .) if

the structure morphism X-S is quasi-compact (reep.

loc. Sep , sep



subtlety : Note that Axy : XXXXX is representable by scheue, sinze

1x : X + XXsX is
.
More precisely :

Let T be a sche and T-XXyX a morphism ,
Since XXyX4XXS X

is a mono
, we

obten an isonopleism : XX1x1y1XXyxTEX XAx
, XxX

T

,
-

this is a schere

bc
. Ax is repres.

Example /Algebraic space that is not separated

Let S = Spec(Q) and let X = As/2 where IwA' by
n* X : = X +n (heer)

this action > equivalence relation on Asi

= Union over all ne2 over the norphisms :

As -> As xs As x1+ (x
,
X +n)

Observe
,
that we have mi

notq . c.

X

a cartesian diagram : As > As
,
As

↑
Etale

W

v
1x

X < XXsX

By def . + Runk 1 = Ax not quasi-compact

=> X not quasi-separated.



Example from earlier : U = k(St) / (St)
Ü = 41903

! e- F =

ULH' = R > UXU etale eq relation .

claim : # is locally sep ,
but not separated.

embedding , butLotconeu)
Consider the Cartesian diagon : R2 UX1 open

r

↓ ↓ er

AF

#-> FXuF

Per def, we have AF in an enkeddy ,
but not closed

=> F is locally separated; but not separated.



②

Defi Let P =

prop. of morple. of scheckes
,
stable I local on doch in

étale topology.
Let 8 : X + Y morph . of al spaces

Then 8 hasp

E Fetale covers v : V + Y and u: U-X
,
Sthi

UxyV + V
-

scheue !

has property P. I
recall Lemme 5 . 19.

schere
X aly space = any

T - X is

represebble by schows

(bc. Ax is repes .)

Recall : stable on domain : V8 : X + Y in Sh/s) and any
etale cover

(XX3 :

8 hasE) foxi hast .

Applicable lor : etale
,
flat

,
smooth

, surjective , locally of finite type etc.

Remark/Exercise : If FiX -> Y is repres by schemes and =stable + lac. on
dowan

their this def + definition in the beginning concide.



Some global properties involving quasi-compactness
~ Note : quasi-compactness is not a morphism of schemes

stable in stale topology , 10 it hasn't been dof yet.

Defi
· X al space/s quasi-compact = Jetale cover U + X with

U quasi-compact.

· X noeth at locally north + quasi-compact

(stable with er .)↓ étale lop

· Let f : X ->Y be a morphism of aly. Spaces /s. Then :
③

& quasi-compact Four
any y' - Y the alg.

(q. 2 .

Space X1 = XX > Y' is quasi-compact

· fix-Y is of finite hype Es 8 g . c
.

and locally of lik hype
(sure of DefR)

Ruh: 38 8 : X + Y morph. of alg spaces : repres , by schemen

=> Ref B = Def



55 .
5 : Algebraic spaces are Appf sheaves

thm : Let X be an alg . space/s with quasi-compact diagonal.

Ther X is a sheaf wrt . the Appf-topology on (Sch/s).

Runk :

1) some authors include quasi-corpactness of diagonal into their

def of aly space ( => 1x is quasi-athine) and this maker

descent argements easier & note
+ stachs proj does not require that

Ix is quasi-proj

2) Ohe can show that defining alf spaces as a sheaf on

[Sh/s)yppf is equivalent to the definition of alg. spaces as

sheaves on Sch/s]er
.

(See Stad Project : 1076MJ).


