
Talk : Algebraic stacks , part I

Fix a base scheme S and we work over the category of S-schews

equipped with the etale topology.

-> Before starting , let us recall some essential Def/results :

Def(Stach) : A category fibered in groupoids p :F- C is

a stack For every object Xe & cover Exi-XicE
the functor

E : F(x) > F(ex : -> XSiez)

is an equivalence.

Morphism of stacks= morphism of lbered cat/2.
& " ⑨Recalli &
commenters with the Shi. morphisms

F + c
g4g

· preserves cartesian morphisms.

Def A morphism of stacke 8:+> Y is representable if for

every scheme
U and morphism y : U-Y ,

the fibre product

2 Xy , z
U

is an algebraic space.



als space

Note :If 8: ( -> Y is representable , them for every y
: V+

the libre product VxySt is an algebraic space.

Pf :
· condition that the obj of Vxyit have no non-hina

automorphisms can be checked afteretale
f

bc. U+ V
&

=> UXyit algebraic space, in pla . sheef.repres
s'neve

prf : (contraposition) * (7XU -> U

dr ↓
(txv - v
-

stack a provi
-> show it a sharf.

· Now apply Ex . 5G : Y/S alg . Space , FSh((Suys(
and g

: F -> Y Morphism of sheaves.

scheue
J87 it . Surj U- Y 5th

. ExyU is alg space,
there # is an alg . Space .

2) Apply to Vxy7 -> V. #
z

sheaf alg space
Cetule)

for sheave living over al space : being an aly space
isetale-local property"



proof : (explain only orally sch

By assumption Fetale
, sugi will

-> Y and FxyU alg.
Space .

·

repres of Af : Consider the diagram : t : this is alg.
- space.

#X
=

T -> Tscheue
but we know that alter stale M

↓
base change UEGF :

# F
> FxF

AFxu is representable ,
i . e .

~
scheue

FxuxT-> T and since alg. spaces

↓
↑

↓ are Schever glued
FxyU9 c (ExyU) xy(FYU) in ccule top" #

idxv

· 7 W Scheme & take surj. W +> #x y U - FX
>
Y =F-

er

↑
+ etale

, surjective is stable under base-change #



Deflaystack) A stack Cf/s is an algebraic stack
,
if the

Isomene
,

Arhin Stade")

following hold :

(i) The diagonal 1 : Ct-CtX
,
It is representable.

(ii) There exists a smooth surjective morphism it : X + If with
↳ note: at this point its not clear what

X a scheuse. this should mean
, explanation below !

Morphisms of alg stacks =

morphisms of libered categories.

1 = m . of cab-lib · in groupoich)

=> have groupoid of morphisms HOMs(7t , 3) .

scheme
Rmk : condition (i) =>

every morphism t
: T+ If is representable.

scheue

Scheds Let K :-> If be another morphism and consider

UXT - T
(
this libre product is in fact isocoplic

↓
M

U

↓ t to the libre prod of :
UXsT

u -> It

Luxt
A

= UXT aly space . 7 > (txgit

-Stack def
Therefore, X + It smooth

, surj #)
S

schwe



↓ U" , If the base change XX, U

shee &
↓ both aly

is smooth be surjective. u-space

The following lemma is convenient her verifying that a

given stack is algebraic :

Lemma : Let If/s be a stack
,
Then the diagonal Alt is

representable iff for every S-scheme H and objects

un,42 Cf(U) the sheaf Isomim ,
42) on Scal is

an aly . Space,
note: its a shef because

↑
&

# is a stack.

Recall : Isom (un
, 42) is sheaf def . by :

Isom (U ,
U2] (8 : X + U) : = Isom (f*U, 82) .(t(X)

proof: For every S-scheme U and obj.uiuff(u) we

have a cartesian diagrave :
Isom (Un ,42) > U

r

mXUz

w

it S

<It X s)t

↳



RmK : Together with ex . 5
.
G we obtain the following more

general result :

A It + (txg7t is <=) for
every algebraic space X

representable
and morphisms U,42

: X -> It

the sheaf Isom (1 ,
42) is aly. space.

Pop : Let it/s be an algebraic stack. Then for
any diagram

Y

X

v
Y

Y <I

with X
,
Y alg . spaces , the libre product XXY is an aly. space

In ple : Any morphism X-C) is representable.
S

aly space

proofi

Vie result above : XX-Y = Isom(prox , proy) over XXsY

and since Aye is repres ,
the claim follows how Ruckp



=> Now we can replace condition (ii) in the def of

an alg .

stack by the cond. that I smooth say: morphism

I: X < It with X an alg. space.

MAIN EXAMPLE : [X/G] quotient slace of X alf. SpaceS GIS Smooth group
↳ for def of [X/G] need notion of G-toser:

Scheuer

generalization of a principal G-bundle"

X + S Schere G-SAppf group scheme

Def: Let I be site andNe sheaf of groups on t
.

A

-toror on e
det
sheaf Pon e /X-scheme P such that :

IE left action e25 3
E

P(X) = Hou(xi , P) action G AP
,
sth . P-T G-invariant

, topf .
ifG smooth

-> because we have tppf-locally a section. => state lock
.

((T1) X X 2
,
7 covering [xi-X3 se P(Xi) + & Vi

.&
N

(T2) The map M
xp + Exp(g , p) + (p , gp)

is an iso.

ifO
E) MIT) @PCT) is simply transitive for any T+X.

Let 2 = /Sch/slef , we
call P trivial if it has a

global section .

Ex one PEP(S) then we have an



isomorphism M
-> P

, gi gp , idealifying the action

- with the left-translation on qu

Morphism of M-Torsors (P , g) + (P1, g1) atmorph of
sheaves 8 : P-p'

, compatible with the respective

-actions , ie .
The following diagram commutes:

idpx]
uxp > Xp

E
~

p
L i

Examples :




