Talk: Algebraic Stacks , part 1
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assigning a T-scheme 7" to the set of isomorphisms of the principal G-bundles P x 71" \) )
and @ x7 1", is representable by a scheme which is also a principal G-bundle over T A ( 2
2 )=
Exercise C.2.11 (Principal GL,-bundles). Let 7" be a scheme. Q )
(a) If E is a vector bundle over T of rank n, the frame bundle Framer(E) is T\M'C_")
defined as the functor Isomp(O%, E) on Sch/T), i.e
e i

Framer(E): Sch /T — Sets
Kl (T" — T) ~ {trivializations a: O = f*E}. E '.FMLO)
——

Show that Framer(E) is representable by a scheme and that Framer(E) — T' LT
is a principal GL,,-bundle. @
(b) If P — T is a principal GL,,-bundle, then define P x GLn AP .= (PxA™)/GL,
where GL,, acts diagonally via its given action on P and the standard action % B
on A™. (The action is free and the quotient (P x A™)/ GL,, can be interpreted
as the sheafification of the quotient presheaf Sch /T — Sets taking T = "
(P x A™)(T)/ GL,,(T) in the big Zariski (or big étale) topology or equivalently E = O
as the algebraic space quotient (Corollary 4.4.11)). Show that (P x A™)/GL,,
is representable by scheme and is the total space of a vector bundle over 7. :)
Hint: Use Effective Descent for Principal G-bundles (C.2.5).

Conclude that WO’: \ < G{n

{vector bundles over T'} — {principal GL,,-bundles over T} /—r
E +— Framer(E)
(P xA™)/GL,, <+ P
—t”
defines an equivalence of categories between the groupoids of vector bundles
over T" and principal GL,,-bundles over 7.

—
o



Exercise C.2.7. If T is a scheme, show that there there is an equivalence of
categories
{line bundles on T} = {principal G,,-bundles on T}
L— A(L)\T

between the groupoids of line bundles on 7' (where the only morphisms allowed are
isomorphisms) and G,,-torsors on 7. If L is a line bundle (i.e. invertible Or-module),
then A(L) denotes the total space Spec Sym™ LY of L and T' C A(L) denotes the
image of the zero section T — A(L).



